An approximate expression for the probability distribution of the age of a neutral allele as a function of its frequency is derived for a population undergoing arbitrary changes in population size. A simple maximum-likelihood estimator of allele age based on frequency is also obtained. The distribution of allele age, combined with a model predicting the extent of intra-allelic variability generated by mutation and recombination, leads to a statistical test of whether a rare allele has experienced natural selection. The test is based on ¢nding whether there is too little or too much intra-allelic variability to be consistent with the observed frequency. The test is applied to the locus, BRCA1, associated with early-onset breast cancer in humans and shows that two common disease-associated alleles (5382insC and 185delAG) appear to have been subject to natural selection.
INTRODUCTION
The age of an allele is the time since it arose by mutation. In this context, an allele is de¢ned by the possession of a particular alteration in DNA sequenceöa substitution, insertion or deletion. For example, the de¢ning mutation of the ¢F508 allele at the CFTR locus associated with cystic ¢brosis is the deletion of the three nucleotides for the 508th codon. With this de¢nition of allele age, di¡erent copies of an allele do not have to be otherwise identical in sequence. Morral et al. (1994) , for example, found that chromosomes carrying ¢F508 di¡ered at three microsatellite loci in two introns of CFTR. Variation among di¡erent copies of the same allele, which I will call intra-allelic variability, can provide useful information about the history of the allele.
Population geneticists have been concerned with the relationship between allele age and allele frequency since Kimura & Ohta (1973) showed that the expected age in generations of an allele at frequency x in a population containing N diploid individuals is approximately
where E denotes expectation and ln denotes the natural logarithm. Their paper led to several others. Maruyama (1974) and Li (1975) showed that most kinds of natural selection reduce average allele age from the value in equation (1) but that overdominance in ¢tness greatly increases average age. Watterson (1976) uni¢ed much of the theory and provided a way to ¢nd numerically the probability distribution of allele age as a function of frequency.
The conclusion from the theory of allele age as developed in the 1970s was that, although allele age in a population of constant size is to some extent indicated by allele frequency, the distribution of ages consistent with a particular frequency is su¤ciently broad that frequency alone does not provide a very good estimate of age. Although the theory continued to be developed, there was little application of it and little practical interest in allele age. In the 1990s, human geneticists became interested in estimating the ages of alleles associated with human genetic diseases. The extent of intra-allelic variability, rather than allele frequency, was used to estimate allele age, and the relationship between allele age and allele frequency was largely ignored. The ¢rst such study was by Serre et al. (1990) who used frequencies at two polymorphic restriction sites closely linked to ¢F508 to estimate its age to be between 3000 and 6000 years. A later study by Risch et al. (1995) estimated the age of an allele causing idiopathic torsion dystonia (ITD) in Ashkenazi Jews to be between eight and 22 generations. The Risch et al. (1995) paper motivated several others who also found relatively young ages for disease-associated alleles (Slatkin & Rannala 2000) . Stephens et al. (1998) considered both intra-allelic variability and allele frequency in their study of the 32 base pair (bp) deletion in the CCR5 locus that confers resistance to infection by human immunode¢ciency virus. The presence of a nearly conserved haplotype at two linked microsatellite loci separated by ca. 1 centimorgan (cM) suggested that the deletion occurred about 700 years ago. Yet this deletion is at a frequency greater than 10% in many European populations, and absent or nearly absent from other populations. Stephens et al. (1998) noted that equation (1) implies an average age of greater than 100 000 years, even assuming an e¡ective population size of only 5000 individuals. They argued that the di¡erence in the estimated ages implies that the deletion was positively selected in Europeans and they estimated the selection coe¤cient to be ca. 30%. Stephens et al. (1998) did not use a statistical test of selection because the pattern of intra-allelic variability was so obviously inconsistent with the high allele frequency that a test was unnecessary. Their logic is similar to a formal test of neutrality developed by Hudson et al. (1994) and called the haplotype test. Hudson et al. (1994) sequenced 1410 bp in 41 copies of the superoxide dismutase (Sod ) locus in Drosophila melanogaster. In this species, two alleles, designated slow and fast, are distinguished by a single di¡erence in amino-acid sequence. Hudson et al. (1994) found no variation among slow alleles, which are found at ca. 18% frequency, and little variation among one subgroup of the fast alleles that di¡ered from the slow alleles by only one nucleotide substitution. The haplotype test is based on ¢nding the probability of observing a subset of haplotyp es with such a low level of polymorp hism. A low probability, as was found for these data, indicates a signi¢cant deviation from neutrality. The haplotype test is not based on considerations of allele age but the low level of intra-allelic variability in a subset indicates a much younger age for that subset than is consistent with its frequency.
The haplotype test has been re¢ned by others. Andolfatto et al. (1999) provided a way to correct for multiple tests in the same data set, in order to allow for the possibility that several di¡erent subsets of haplotypes are considered. Depaulis & Veuille (1998) suggested using both haplotype number and haplotyp e diversity as tests for too little or too much variation at a locus.
The various versions of the haplotype test are designed to test for an overall reduction in genetic variability, as would be expected if an advantageous allele has swept through a population (Maynard Smith & Haigh 1974) . A signi¢cant deviation from neutrality does not mean that the particular subset of haplotypes identi¢ed were actually subject to selection. It implies only that selection somewhere a¡ected the pattern of variability in the region sequenced. The test of selection described later is a formalization of the argument used by Stephens et al. (1998) and di¡ers from the haplotype test because it tests for a reduction in intra-allelic variability attributable to selection a¡ecting the allele of interest. The test described in this paper is appropriate only for low-frequency alleles and intra-allelic variability at a linked biallelic marker locus. Slatkin & Bertorelle (2000) develop a general test applicable to alleles in arbitrary frequency and to other kinds of intra-allelic variability.
METHODS

(a) Gri¤ths^Tavare¨theory of allele age
The basis for the approximate theory developed here is the analysis of allele age by Gri¤ths & Tavare¨(1998) . They considered a coalescent model of a neutral locus and assumed that, in a sample of n chromosomes, i copies of an allele are found. In the usual coalescent framework, the n chromosomes sampled are the tips of a gene genealogy representing the ancestry of the locus. When two ancestral lineages are descended from a common ancestor, those two lineages are said to coalesce and the number of ancestral lineages decreases by one. The number of lineages at any time in the past dep ends on the rate of coalescence, which in turn dep ends on the number of lineages and on the population size at that time (Hudson 1990 ). Gri¤ths & Tavare¨(1998) showed that the probability distribution of the age, a, of an allele in the limit of large n is approximately
where xˆi/n is the allele frequency, A(a) is the number of ancestral lineages at time a in the past, and C is a normalization constant.
The quantity A(a) is a random variable with value n at aˆ0 (the present) and a probability distribution that can be expressed as an in¢nite series (Tavare¨1984). The numerical evaluation of that series is di¤cult, especially for small values of a, so it is impractical to use equation (2) to obtain g(a). It is simpler to carry out a Monte Carlo simulation. The simulation method, which will be used to test the accuracy of the analytical approximation derived in ½ 2(b), is as follows. For each of a large number of replicates, the coalescent p rocess is simulated using a method similar to that described by Hudson (1990) . The probability of a coalescent event in generation t in the past is
A(t)(A(t)71)/[4N(t)], where N(t) is the population size at t.
Then, at a set of sp eci¢ed times, a 1 , a 2 , : : : , the quantity in square brackets in equation (2) is calculated and stored. The averages of these stored quantities at the sp eci¢ed times provides an estimate of g(a) at those times. The C program to carry out this simulation runs quickly (the source code is available from http ://ib.berkeley.edu/labs/slatkin/software.html). For the results presented in ¢gures 1 and 2, 10 000 replicates were su¤cient to give very accurate results.
(b) Approximate distribution of allele ages
The simulation p rogram described ½ 2(a) provides the distribution of allele age for a given frequency x and a given demograp hic history of the p opulation, summarized by N(t). It does not, however, provide us with any intuition about what factors a¡ect the distribution of ages and how sensitive that distribution is to variation in x and N(t). We can approximate g(a) when x is small by using an approximate formula for A(a). Slatkin & Rannala (1997) showed that the exp ected value of
where
is a scaled time.
For small a and large n, the variance of A(a) about its exp ectation is relatively small. Although coalescent events occur at random times, there are so many of them initially that the randomness is averaged over to produce an almost deterministic decrease in A(a). The randomness is apparent only later, when fewer ancestral lineages remain. Therefore, for small a, it is reasonable to replace A(a) in equation (2) by its approximate exp ected value and obtain an analytical approximation for g(a):
where ¡ A(a)ˆE ‰A(a)Š as given by equation (3). Figure 1 tests the accuracy of equation (3) and ¢gure 2 tests the accuracy of equation (5) by comparing the analytic results with those from the simulation p rogram described in ½ 2(a). Figure 1 shows that equation (3) p rovides an excellent approximation to the average number of surviving lineages, even when that number is relatively small. Figure 2 shows that even for a relatively large allele frequency (xˆ0.1) equation (5) is quite accurate. For x 5 0.01, the approximate and exact distributions are indistinguishable. For x 4 0.1, the variance of the actual distribution of ages is larger than that based on equation (5) because higher-frequency alleles are likely to have arisen by mutation when only a few ancestral lineages were present, and equation (3) does not allow for any randomness in the numbers of those few lineages.
For exp onential growth at rate r, N(t)ˆN 0 e 7rt , and equation (5) implies that g(a) dep ends on the combination of parameters, Rˆ2N 0 r. If R ½1, the distribution of ages is similar to that for a p opulation of constant size and, in that case, the conclusion for the theory of allele age developed in the 1970s is correct. The distribution of ages consistent with a given frequency is broad and relatively little information about age is contained in the frequency. In a rap idly growing p opulation, with R ¾1, the results are quite di¡erent. Only a relatively narrow distribution of ages is consistent with a given frequency, so allele frequency does indicate age to within narrow bounds. (c) Approximate estimate of allele age Equation (5) provides a way to ¢nd a maximum-likelihood estimate (MLE) of age as a function of allele frequency. If we equate the derivative of g(a) with resp ect to a to 0, the resulting equation implies that
because · A(a) is a monotonically decreasing function of a. Equation (6) imp lies that the MLE estimate of a,â satis¢es
For example, if the p opulation had been of constant size, N, t(a)ˆa/(2N ) and equation (7) for di¡erent pop ulation growth rates. In all cases, N 0ˆ1 0 6 , nˆ1000 and xˆ0.001. The curves were generated by p lotting equation (5) in the text for di¡erent values of r.
medical advances. A more realistic model of growth is one in which the growth rate can change. Here I will assume that the rate changes from r 1 to r 2 T generations in the past
Equation (7) can be solved for the MLE of a under this model
if this value is less than T, and
otherwise. These results show that dep endence of the MLE age, and hence the entire distribution of age, dep ends strongly on the recent growth rate, which is large for most human p opulations. Risch et al. (1995) , for example, assumed a p er generation growth rate for Ashkenazi Jews of ca. 0.4 per generation during the past 500 years, so r 1ˆ0 .4, Tˆ25 generations and a rough estimate of N 0 is 10 7 (Rannala & Slatkin 1998 ). If we let r 2ˆ0 .001 and consider alleles with frequencies 10 75 , 10 74 , 10 73 and 10
72
, for the sake of illustration, we ¢ndâˆ11, 16, 22 and 32 generations. The recent very rapid growth of such a p opulation ensures that low-frequency alleles are very young. The value of r 2 assumed has little e¡ect on the results.
(d) Test for selection based on allele age
The theory described in the preceding sections provides an estimate of allele age based on the allele frequency. An independent estimate of allele age can be obtained from the extent of intra-allelic variability (Slatkin & Rannala 1997) . How this estimate is obtained depends on the kind of data available. In this p aper, I will consider only a rare allele and intra-allelic variability at a closely linked biallelic marker. A data set for the test described here consists of a number of chromosomes carrying the allele of interest and the allelic state of the marker locus on each chromosome. The previous sections were concerned with a single locus but in this section a model of two loci with recombination between them is needed.
The study by Neuhausen et al. (1996) of intra-allelic variability of alleles at the locus BRCA1 associated with early-onset breast cancer in humans p rovides suitable data. In 17 chromosomes carrying the mutation 5383insC at BRCA1, the genotyp e at a linked microsatellite locus, D17S1320, was determined. Out of those 17 chromosomes, 12 could be unambiguously typ ed as carrying allele 7 at the microsatellite locus, which is at a frequency 0.27 in the p opulation as a whole. For the remaining ¢ve chromosomes, hap lotyp e information was not available, but the genotyp es at the marker locus all contained allele 7 along with allele 3, 4 or 5. The data of Neuhausen et al. (1996) are consistent with the hypothesis that the region of conserved ancestral haplotyp e extends beyond D17S1320, so it is likely that all 17 chromosomes carry allele 7 at the marker, but in the later analysis I will allow for the possibility that fewer than 17 carry that allele. Although the linked marker locus has several alleles, it will be treated as biallelic, with alleles other than allele 7 group ed.
To analyse such data, I adapt the theory described by Rannala & Slatkin (1998) . For a low-frequency allele that arises by mutation at time a and is found in i copies in a sample today, the number of cop ies at any time can be approximated by a linear birth^death process. Using this process, it is relatively easy to ¢nd the joint distribution of intra-allelic coalescence times, denoted by t 2 , : : : , t i . The time t k is the time at which the number of ancestral lineages increased from k71 to k. It is easy to draw randomly a set of coalescence times from this joint distribution.
At a biallelic marker locus with alleles M and m, one of them, say M, was on the chromosome carrying the allele of interest at t 2 , the time of the most recent common ancestor of all copies in the samp le. Between t 2 and the present, recombination with chromosomes not carrying the allele and mutation at the marker locus will cause some of the i chromosomes in the sample to carry m. Let j be the number of M-bearing chromosomes in the sample, and let p (i) j be the p robability of j ( jˆ0, : : : , i ). The sup erscript indicates a sample size i.
Given the set of coalescence times and a model of change in state at a linked marker locus, it is straightforward, albeit slightly complicated, to compute p (i) j . Assume that the mutation rate from M to m is ·, the mutation rate from m to M is¸, and that the recombination rate between the mutant allele and the M/m locus is c. In one generation, the probability that M is rep laced by m because of mutation and recombination is uˆ(17q)c + · and the probability that an m is replaced by M is vˆqc +¸, where q is the frequency of M in the population. Therefore, the probability that a chromosome initially carrying M will carry m after t generations is approximately
and the probability that a chromosome initially carrying m will carry M after t generations is
These equations describe the change in the extent of intraallelic variability on a single chromosomal lineage. To ¢nd the probability distribution of the number of lineages carrying M in a samp le of i chromosomes, we have to account for both the coalescent events and the indep endent changes on lineages present at di¡erent times in the p ast. To do this, we ¢rst assume we know the set of intra-allelic coalescent times, (t 2 , : : : , t i ). Between t k and t k+1 there are k lineages ancestral to the sample, where we interpret t i+1 as 0, the present. When there are k lineages, we can represent the con¢guration of the population by a vector, p (k) with elements p
representing the p robabilities that there are jˆ0, 1, : : : , k lineages carrying M. If we know these p robabilities at tˆt k , then we can comp ute them immediately before t k+1 by multip lying by a (k + 1) by (k + 1) transition matrix denoted by T (k) whose entries we can ¢nd from equations (10) and the assumption that events on di¡erent lineages are indep endent. If there are j chromosomes carrying M and k7j chromosomes carrying m, then the number of M to m transitions is binomially distributed with probability f 21 and sample size j, and the number of m to M transitions is binomially distributed with probability f 12 and samp le size k7j. The elements of T (k) are found by taking the appropriate convolutions of these binomial distributions.
At t k+1 , there is a coalescent event, so one of the k lineages is chosen randomly to give rise to two descendent lineages. The e¡ect of this event can be modelled by multip lying p (k) by a (k + 1) by (k + 2) matrix, S (k) , whose jlth element is 17j/k for lˆj, j/k for lˆj + 1 and 0 otherwise. Multip lying the vector p (k) by S (k) produces p (k + 1) that has k + 2 elements representing the probabilities of the k + 2 possible con¢gurations, jˆ0, : : : , k + 1.
Given the assumption that initially the mutant allele was on a chromosome carrying M, p (2)ˆ( 1,0,0) immediately after t 2 . Multiplying successively by T (k) and S (k) provides the probabilities of later con¢gurations. In particular, the vector of probabilities that there are j As associated with the mutant in a sample today is given by
To ¢nd approximately the overall p robability of a con¢guration, the average is taken of many replicate sets of coalescence times. For a given value of a, this theory provides the probability of each con¢guration of the data, that is p (i) j for each j. Averaging over a using g(a) as de¢ned in the p revious section gives us the overall probability of each con¢guration, which I will denote by p j . The p j provide the basis for a test for selection in a data set for which x and j are known. The probability that values of j as extreme as, or more extreme than, the observed value can be computed, and, if that probability is less than a speci¢ed threshold, neutrality can be rejected. That is, if j o is the observed number of non-recombinants, then the tail probability is
and the hyp othesis of neutrality of the allele is rejected if P is less than a sp eci¢ed value, 0.05 or smaller.
To illustrate this test, consider the 5382insC of BRCA1 discussed above. Rahman & Stratton (1998) estimate the frequency of alleles at BRCA1 that are associated with earlyonset breast cancer to be ca. 0.0006. Neuhausen et al. (1996) studied 61 families carrying one of the six most common disease-associated alleles at BRCA1, and state that these six alleles account for roughly one-third of the disease-associated alleles at that locus. Out of these 61 families, 21 carried the 5382insC allele. Therefore its allele frequency is ca. 0.0006 £1/3 £ 21/61 or ca. 7 £10 75 . Four families were not typ ed for D17S1320 so iˆ17, not 21. To apply the theory develop ed here, something must be assumed about the demograp hic history of the pop ulation sampled, which in this case is a p opulation mostly of mixed Europ ean and Ashkenazi Jewish ancestry. I assumed a current e¡ective p op ulation size of N 0ˆ1 0 8 individuals and p ast growth rates of rˆ0.005 and 0.002. The theory of Rannala & Slatkin (1998) also requires knowledge of the fraction, f, of the p opulation rep resented in the sample. I used fˆ10 74 , 10 75 and 10 76 . The marker locus and BRCA1 are separated by ca. 500 kb. I assumed two recombination rates cˆ0.005 (corresp onding to an average rate for humans of 1cMˆ1mb) and cˆ0.00125 (corresp onding to one-quarter of the average rate), and did not allow for mutation at the marker locus. The data presented by Neuhausen et al. (1996) are consistent with a relatively low mutation rate at the marker locus and imp ly that the main cause of intra-allelic variability is recombination. Allowing for any mutations at the marker locus would make all the P-values smaller.
For 5382insC, Pˆ0.000 136 if j oˆ1 7 and the most favourable combination of p arameter values (the lower recombination rate and lower p opulation growth rate) is assumed. Changing the sampling fraction, f, made almost no di¡erence. With the other parameter values, the P-values were even lower (as low as 10 78 ). Therefore, these data strongly reject the hypothesis of neutrality. Because of the lack of resolution of all of the haplotypes, there is some uncertainty about the value of j o . If j oˆ1 6, Pˆ0.00127, and if j oˆ1 5, Pˆ0.0059, both for the most favourable cases. Therefore, even one or two recombinant chromosomes in the sample would not be consistent with neutrality. Figure 4 shows some typical results for the distribution of ages, g (a) , and the probabilities of observing j oˆ1 7 non-recombinants under these assumptions. We can see why we reject neutrality for these parameter values. The extent of intra-allelic variability is consistent with a much younger age than is the frequency. A similar conclusion is reached for another common allele, 185delAG, which was found in 19 of the families studied by Neuhausen et al. (1996) . For this allele, 15 chromosomes were typed at D17S1320 and ten could be unambiguously typed as carrying allele 7 at the microsatellite locus. In the ¢ve others for which haplotyp es were not resolved, all had allele 7 as one of the two. If j oˆ1 5 for this allele, Pˆ0.000 64 for the most favourable combination of parameter values.
We can conclude that there is evidence for selection on the two most frequent disease-associated alleles at BRCA1. Their extent of intra-allelic variability as measured by the linked microsatellite locus, D17S1320, is too small to be consistent with the allele age indicated by the allele frequency.
DISCUSSION AND CONCLUSIONS
Understanding the evolutionary history of individual alleles is of increasing importance because of relevance to the mapping of alleles associated with genetic diseases and because of the potential for understanding the e¡ect of natural selection on each allele. New and more e¤cient methods for assessing the extent of intra-allelic variability will provide additional information that will allow increasingly re¢ned estimates of allele age and lead to more sensitive tests of past selection. The results developed here provide a general way of exploring the relationship between allele age and allele frequency under various assumptions about past population sizes. The approximations derived are quite accurate for lowfrequency alleles and so can be used in place of simulations. The theory in this paper was developed under the assumption of random mating in a single population, but it applies to a low-frequency allele in a subdivided population provided that gene £ow is conservative, meaning that gene £ow itself does not change the average allele frequency. The independence of population subdivision is easily seen. The number of copies of a rare allele can be described approximately by a birth^death process, and under that approximation each copy reproduces independently of how many other copies are present and independently of where each copy is. Therefore, the probability distribution of ages and the joint distribution of intraallelic coalescence times are also approximately independent of population subdivision, so the test for selection described here is valid for low-frequency alleles in a subdivided population. My unpublished simulation results show that the distribution of allele ages is independent of migration rate in a two-deme coalescent model as well.
Any inferences about allele age and selection depend on assumptions about the demographic history of the population under study. In many cases, the demographic history is unknown or not well-enough known to allow ¢rm conclusions to be drawn. When only one or two alleles can be studied, any conclusions about selection can only be tentative. But all autosomal loci have the same demographic history, on average, so that, as data from di¡erent regions of the human genome are accumulated, it will be possible to compare patterns of intra-allelic variability among alleles of the same frequency to determine which are aberrant. When broad patterns of intra-allelic variation are known, we can obtain an increasingly detailed understanding of the history of selection on individual alleles.
